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A mathematical model is presented which includes the following elementary processes of mitochondrial
energy transduction: hydrogen supply, proton translocation by the respiratory chain, proton-driven ATP
synthesis by the F, F;-ATPase, passive back-flow of protons (leak) and carrier-mediated exchange of adenine
nucleotides and phosphate. For these processes empirical rate laws are used. The model is applied to calculate
time-dependent states of energy transduction in isolated rat liver mitochondria. From the general agreement
of the computational results with experimental data (Ogawa, S. and Lee, T.M. (1984) J. Biol. Chem. 259,
10004-10011) the following conclusions can be drawn. (1) The length of the time interval during which
mitochondria are able to maintain a relatively high and constant ApH in the absence of oxygen (anaerobio-
sis) is limited by the avdilability of intramitochondrial ATP. (2) The overshoot kinetics of ApH which appear
when reoxigenating mitochondria after a preceeding anaerobiosis might be due to a lag phase kinetics of the
FyF,-ATPase. (3) In phosphorylating mitochondria the homeostasis of ApH is brought about by a high
sensitivity of the respiration rate and the rate of the F,F,-ATPase as to changes of ApH. (4) Analysis of the
mean transient times shows that the rate of ATP synthesis in State 3 is controlled to almost the same extent
by the hydrogen supply, the respiratory chain, the adenine nucleotide translocator and the proton leak.

Introduction

The linkage between transfer of reducing equiv-
alents from any respiratory substrate to molecular
oxygen and synthesis of ATP is the characteristic
feature of mitochondrial energy transduction. Most
of the enzymes and catalytic carriers which are
involved in this vectorial metabolism are tightly
integrated owing to their specific arrangement in
the inner mitochondrial membrane.

In general, mathematical modelling may serve

Abbreviation: Cyt, cytochrome.

as a valuable tool to gain deeper insight into the
function and regulation of complex metabolic sys-
tems [1,2]. With respect to mitochondrial energy
transduction several mathematical models ap-
peared in the literature [3-10,18]. All these models
have in common that they are confined to steady
states of the system whereas the model presented
in this paper permits to study time-dependent
regulation phenomena. Our model is based on the
chemiosmotic concept of Mitchell [11], and in-
cludes the following elementary processes: hydro-
gen supply, proton translocation by the respiratory
chain, intramitochondrial ATP synthesis by the
F,F,-ATPase, passive back-flow of protons through
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the inner membrane and carrier-mediated ex-
change of phosphate and adenine nucleotides. In
contrast to all previous models, magnesium-com-
plex formation of the adenine nucleotides is taken
into account. This is of importance, since mag-
nesium-free ADP and ATP are exchanged via
adenine nucleotide translocator [45], whereas Mg -
ADP and Mg- ATP are the substrates of the
F,F,-ATPase [46].

For the various enzymatic processes empirical
rate laws are used. In particular, for the respira-
tory chain a rate law is proposed which reflects its
function as a proton pump as well as the depend-
ency of the apparent oxygen affinity on the redox
state of the cytochrome a, system [5].

The kinetic parameters appearing in the rate
laws are chosen in accordance with experimental
data. Thus the model contains only very few ‘free’
parameters which are adjusted to obtain a good fit
to the stimulated experiments.

Time-dependent solutions of the model equa-
tions are numerically calculated by solving a sys-
tem of six ordinary non-linear differential equa-
tions with a Runge-Kutta-Fehlberg integration
routine [25]. The computational results are com-
pared with experimental data of oxygen-pulse ex-
periments and State 3 experiments carried out by
Ogawa and Lee [12]. From the good agreement
between theoretical and experimental results it is
suggested that the proposed model is well suited to
describe nonequilibrium states of mitochondrial
energy transduction. On the basis of the model the
dynamical behaviour of the system can be better
related to the kinetic mechanisms of its elementary
components. In particular, our theoretical ap-
proach enables one to realize in a better way how
the relative constancy of ApH (homeostasis) is
achieved under extremely varying outer condi-
tions, and to what extent the rate of ATP synthesis
is controlled by the various steps of mitochondrial
energy transduction.

The remaining discrepancies between computa-
tional results and experimental data may help to
stimulate further experimental and theoretical
work.

Description of the model

The various kinetic processes considered in our
mathematical model are schematically represented
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in Fig. 1. As to the flow of energy within this
system one may distinguish between three inter-
acting subsystems: the redox system, characterized
by the intramitochondrial NAD*/NADH ratio,
involves the processes of hydrogen supply and
utilization; the chemiosotic system is constituted
by those chemical-cum-osmotic type processes
which build up and utilize the proton-motive
potential, Apy; the adenine nucleotide system is
made up of those processes which affect the intra-
and extramitochondrial phosphorylation potential
AGp = log ([ATP]/[H, PO, [[ADP)).

Redox system

The formation of intramitochondrial NADH is
described by a simple first-order rate law. It is
assumed that reduced substrate is available in a
sufficiently high amount so that the rate of NADH
production only depends on the concentration of
NAD". In experiments on isolated mitochondria
this condition is usually fulfilled.

extramitochondrial space matrix

Fig. 1. Schematic representation of the reactions considered in
the model. Abbreviations: h, hydrogen supply; r, respiratory
chain; 1, proton leak; f, FyF,-ATPase; p, phosphate transport;
e, external ATP utilization; s, external ATP synthesis; t, adenine
nucleotide translocator. The magnesium-complex formation of
the adenine nucleotides is not shown.
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In our calculations the value of the rate con-
stant k, was chosen such that in the resting state
(state 4) the intramitochondrial NAD*/NADH
ratio equals unity [13].

Chemiosmotic system

The redox system and the chemiosmotic system
are linked by the respiratory chain. The overall
reaction can be written as

SH, + 30, +n H} >S+H,0+n H; (1)

where n, is the number of translocated protons
per molecule NADH. The respiratory chain can be
considered as a proton pump which is driven by a
lateral electron flow due to the oxidation of any of
a large number of respiratory substrates SH,.

There is general agreement that proton extru-
sion appears at three coupling sites: site 1
(NADH-ubiquinone oxidoreductase), site 2 (ubi-
quinol-cytochrome ¢ oxidoreductase) and site 3
(cytochrome ¢ oxidase). Whereas the sites 1 and 2
form an equilibrium system, the formation of
oxygen peroxid by the cytochrome ¢ oxidase is
highly exergonic and thus can be considered as the
irreversible step [14].

These kinetic features are reflected by the bind-
ing scheme shown in Fig. 2. This scheme is similar
to that proposed by Wilson et al. [5]. The essential
difference is, however, that the Wilson model as-
sumes a direct coupling between oxidation-reduc-
tion reactions and oxidative phosphorylation,
whereas in our model the respiratory chain is
treated as a proton pump responsible for the gen-
eration of ApH.

The rate law of the respiratory chain was de-
rived from the binding scheme in Fig. 2 according
to the rules of quasi-steady-state enzyme kinetics
[1] (cf. legend of Fig. 2). With respect to oxygen
this rate law can be written as a Michaelis—Menten
equation with apparent maximum activity and K,
value being functions of the NAD*/NADH ratio
and the proton gradient (ApH).

In Fig. 3 the theoretical respiration rate is
plotted for various values of O,, NAD*/NADH
and ApH. It is seen that the respiration rate
decreases very steeply with increasing ApH, and
that the apparent affinity as to oxygen increases
by about two orders of magnitude if ApH is
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Fig. 2. Reaction scheme of the respiratory chain. Oxidation of
one molecule NADH is coupled with the transfer of two
electrons to cytochrome ¢ and the extrusion of 3 (n,/3)=n,
protons. X, rea and Yo eq Symbolize the oxidized and re-
duced electron-transferring subunits of site 1 and 2. One mole-
cule Cyt ¢* causes the reduction of Cyt a, in a reversible
step. When Cyt a; is reduced, oxygen can be bound. Then one
electron of Cyt ¢?* and one electron of Cyt a* are trans-
ferred to oxygen to form peroxide in an irreversible reaction
step. The reversible reaction steps are described by the follow-
ing equilibrium relations:

(] _,_ L [NAD*]([H*L)"’
(1 °" Ja V [NaDH] | [H7],
with

=491 9u' 9n1>

[43*-0]=gs[a3"][0);

[43*] |

[a37] —42[C3+]

The rate of peroxide formation is given by

o= (0] =k [a3*-O]( ]

If the algebraic equilibrium relations are used this rate can be
written as

k. [c][a5][0]
@ «#)(qb q’+[ ])

where [c]=[c**]+[c*"] and [a;]=[a3" |+[a3*] Estima-
tion of the values for the equilibrium constants g, and g; from
Ref. 34 shows that ¢ >» g,. Hence the rate law B in Table I is
obtained where the apparent constants k,, p, and g, have the

meaning k. =k, [c]a;], p,—l/‘/“ and g, =

T

‘I3



rel cespiration rate
o
S

a . Jios)

25
0yl pMl

o
]

rel respiration rote

2)

{0.4)

rel. respiration rate
o
g

L (061
c
: r

0
R 5 VO( 8)
NAD*/NAOH

Fig. 3. Theoretical dependence of the respiration rate on oxygen
concentration [0, ], redox ratio NAD*/NADH and ApH. The
curves were calculated on the basis of the rate equation B in
Table 1. (a) Dependence on oxygen concentration for various
values of ApH (values in parenthesis) and a redox ratio
NAD*/NADH =1. (b) Dependence on ApH for various val-
ues of the redox ratio (values in paranthesis); [0,] = 230 pM.
(c) Dependence on NAD*/NADH for various values of ApH
(values in paranthesis); [0,] = 230 pM.
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lowered from 0.8 to 0.2 (at constant
NAD?*/NADH = 1). The value n, = 12 was cho-
sen, which corresponds to recent experimental
findings [15].

The proton-leak represents the passive back-
flow of protons from the compartment with lower
pH to the compartment with higher pH through
the inner mitochondrial membrane. The rate law
for this process is given by Eqn. C in Table 1. The
effective proton conductance C,; of coupling
membranes was shown to be not greater than 0.11
pg ions of H* /s per g mitochondrial protein [16]
which corresponds to the value used in our model.
With that value for C,, the respiration rate in the
resting state amounts to about 10% of the State-3
respiration rate, which is in good agreement with
experimental observations [17].

Secondary translocations of cations and anions
is not explicitly considered in the model. Model
computations of Reich and Rohde [18] and recent
experiments of Duszynski et al. [19] have demon-
strated that under steady-state conditions these
secondary ion translocations give rise to a nearly
constant relation between the electric potential Ay
and the osmotic potential Z ApH, which both are
components of the proton-motive potential Apy:

Apy =AYy~ Z ApH e
With

__—4y
8= Z ApH G

it follows that

Apy=-(8+1)Z pH (@)

The constant 8 has been used as an adjustable
parameter of the model to assign to the
proton-motive potential a value of Apy = —180
mV in the resting state. With that § value the
theoretical ratio (8 + 1)/8 =1.34 is very close to
the proportionality factor Ap, /Ay =1.22, de-
termined by Duszynski et al. [19].

As far as proton translocation between extra-
and intramitochondrial compartment is concerned
the buffering power of both compartments is of
importance. Within a small variation range of pH
a linear relationship between the total proton con-
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TABLE 1

RATE EQUATIONS OF THE MATHEMATICAL MODEL

Un, U Uy, Vg, Up and vy, rates of hydrogen supply, respiratory chain, proton leak, FyF,-ATPase, phosphate transport and adenine
nucleotide translocator, respectively. The kinetic parameters are listed in Table II. Abbreviations: [ X]. and [ X],, concentrations of
metabolite X in the extramitochondrial and intramitochondrial compartment, respectively; [AMP}, [ADP] and [ATP], concentrations
of magnesium-free adenine nucleotides; [Mg-AMP], [Mg-ADP] and [Mg- ATP], concentrations of magnesium-complexed adenine
nucleotides; [Mg] and [Mg, ], concentrations of free and total magnesium; [P~ ], [P2™] and [P,]= [P~ ]+[P%" ], concentrations of
monovalent, divalent and total inorganic phpsphate; [H* | and [H; ], concentrations of free and total protons

Equation Equation
number
A vy =ky[NAD™]
Umax[0:] ks
B —_ max ; T — T ;Kr —
U K,{4+[02] max 1+¢ 1/:4 qrd)
_ [INAD*]([H*]\"
®= 7\ [NADH] \ (H* ]
Ap
C v = CMTH
[ng/’tTP]l [H+]i i )
D ve=V|1— — (6+1)
f ‘( 9" Mg-ADPJ[P~ }, | [H" |.
[P™ ] [H" ]
=p 1L il i
- L s
P V. ([ATP},[ADP].—104¥/#[ATP].[ADP};)
v, =
[ Ko +10%3%/Z[ATP).+ [ADP].] [ K, +[ATP];+ 101 ~4%/Z[ADP] |
Equilibria:
dissociation of P21
monovalent phosphate pH =pK, =log [P]
-1 [Pl] . . —_1nPH—-pPK
G [P7]= iewik 10
magnesium-complex extramitochondrial space
i AXP
formation K- [Mg]e[ ]e (X=M.D.T)
[Mg-AXP],
intramitochondrial space
[Mg]i[AXP];
= (X=D,T
H K g ax, :
<. _ [Me][R]
R=
[Mg-R];
1 adenylate kinase [Mg-ADP]JADP],
reaction = TNAe. ATl TANMP]

9 = TMg- ATP],[AMP].

centration [H;'] and the concentration of free pro-
tons [H*] can be assumed, i.e., [H*]= B[H, ]. For
the intramitochondrial space a buffering capacity
of 22 pgions H* per pH unit per g protein was
obtained from Mitchell and Moyle [16] in pulsed
acid-base titration experiments. The buffering
capacity of the extramitochondrial space depends
on the corresponding experimental conditions, and

thus has been used as a ‘free’ adjustable parameter
of the model to obtain a good fit between calcu-
lated and measured variations of extramitochon-
drial pH.

Adenine nucleotide system
The adenine nucleotide system is linked with
the chemiosmotic system by the mitochondrial



F,F,-ATPase which catalyses the reversible reac-
tion

[Mg-ADP}+ [P~ }i+ n/[H" Jc = [Mg-ATP];+ n [H™ ]; (5)

For the rate law of the F,F,-ATPase the rapid
equilibrium approximation is used, since the rate
of the ATPase exceeds by far the overall capacity
of oxidative phosphorylation [20]. Under the as-
sumption that a reaction proceeds in a near-ther-
modynamical equilibrium state the rate law can be
approximated by

v=V(1-e%9/%) (6)

where V is an apparent velocity and AG represents
the free-energy change of the reaction [6]. For
reaction 5 the free energy change is

[Mg-ATP];

=AGY + Z log—to A
AG=AGr T 2 OB Tp [Mg- ADP]

+ndpy N

Here AG) denotes the (free-magnesium-corrected)
standard phosphorylation potential, Apy is the
proton-motive potential defined by the relations 2
and 4, and n, is the number of translocated pro-
tons per molecule ATP formed. Inserting Eq. 7
into Eq. 6 we arrive at the rate law Eqn. D (Table
D).

For the rate law of the phosphate transporter
also the rapid equilibrium approximation (Eqn. 6)
is applied, since the influx of phosphate is very
fast at 25°C [21]. The rate law Eqn. E (Table I)
refers to the case that monovalent phosphate is
cotransported with one proton [22]. The equi-
librium between monovalent and divalent phos-
phate is described by a simple mass-action re-
lation.

Mitochondrial ATP can be readily exchanged
against cytosolic ADP by the adenine nucleotide
translocator. The rate law Eqn. F (Table I) has
been derived under the assumption that a ternary
complex with one adenine nucleotide bound at
both sides of the carrier performs the exchange in
a single step. Such a mechanism is in accordance
with recent kinetic studies of Duyckaerts et al.
[23]. The difference between Eqn. F in Table I and
the rate law used in Ref. 6 consists in the ap-
pearance of the additional terms K;/{ADP]. and
K,/[ADP]; in the denominator. These terms are
neglegible under saturating conditions which were
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a priori considered in Ref. 6

Besides the adenine nucleotide translocator, a
second transport of adenine nucleotides across the
inner membrane has been described, in the litera-
ture, which is responsible for the net uptake [48]
and the depletion [49] of mitochondrial adenine
nucleotides. Owing to its slowness this so-called
net transport of adenine nucleotides is not taken
into account in the model, since this paper only
deals with short-term regulation phenomena.

The extramitochondrial adenine nucleotides
AMP, ADP and ATP are related to each other by
the adenylate kinase reaction

[Mg-ATP]. + [AMP], = [ADP].+ [Mg-ADP]. (8)

Since the capacity of the adenylate kinase is very
high, it is presupposed in our model that reaction
8 is practically always in the thermodynamical
equilibrium, i.e., a simple mass-action relation is
used.

The formation of complexes between mag-
nesium and adenine nucleotides is also described
by mass-action equilibrium relations. Although the
total intramitochondrial magnesium content is
rather high (approx. 25 mM or more [40,41]) the
concentration of free. magnesium inside
mitochondria was found to be less than 0.5 mM
[12]. Therefore, binding of a considerable amount
of intramitochondrial magnesium to any (not fur-
ther specified) pool (R) has to be considered.

Mathematical equations

The reaction scheme shown in Fig. 1 corre-
sponds to the following equation system:

d d

S [ADR,], = — L [ATR], = # (v~ o) ©)
d

'&[P\]i=f("p_ur) (10)
4 INAD* | =50, — 0 1)
dr T h

d

E[Z’ 1A]. = mo, (12)

d m d
E[H‘+ le= —?E[Hf li=m(nw.—neos—v, -v,) (13)

d
3z [Ple=—my, (14)
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- - [Pt ]i,e
[P~ Jie 1+ 10PHie—PKa
[ADP | [ADP]. _

*

[ATR,][AMP,], ~ T

Knm(Kp +[Mgl.)’

=9

TABLE 11
PARAMETERS OF THE MODEL

*Kp(Kwm+[Mgl) (K1 +[Mg].)

_ [Mg,].
(15) [Mg]. = ” (AXP].
x=MprKx+[Meg]
[Mgt]i
M i
P N R 7Y 1)}

[Mg]i X=DT KX+[Mg]i

(1m

(18)

Parameter Value Reference Remark

ky 0.9 min ™! 13 chosen such that
NAD/NADH =1 in the
resting state

K 150 nmol(;0,)-min~'-mg~ 17,19 maximum (decoupler-
stimulated) respiration

q. 2pM 34 calculated from the
kinetic constants given
in Ref. 34

Pr 4-1074 5 estimated on the basis
15% reduction of
cytochrome ¢ in State 4

n. 12 15

Cym 9.6 uM-min ™! 16

B 6-107° 16

B. adjustable parameter
(given in the legends
of figures)

Vi 350 nmol-min~'-mg ™"

@ 10° q; =10729%/Z yith
AGS = — 540 mV (corrected
for 1 mM free magnesium)

8 2.95 chosen such that
Ay = —140 mV in State 4

ne 3 35

v, 200 nmol-min~'-mg ! 21

4 300 nmol-min~'-mg ™! 36

K, 5pM 37

f 0.6 6

z 60 mV

ak 0.25 38

Ky 222 mM 39

Kp 0.806 mM 39

Kt 0.0813 mM 39

Conservation quantities

[X_Al; = [ADP,]; +[ATP,],

[} Al = [AMP,] +[ADP,], +[ATP,],

Mg, ];

Mg, ]

INAD* ]+{NADH]
(R]

10 mM (oxygen-pulse type experiment

5 mM (State 3 experiment)

chosen according to the experimental conditions
25 mM [40,41]

chosen according to the experimental conditions
3 mM [42)]

18 mM




The maximum activities in Table II refer to 1
mg mitochondrial protein per 1 ml ex-
tramitochondrial space; hence the dilution factor
H#=1 ml/V, occurs in the right-hand side of the
differential equations 9-14, where m denotes the
amount of mitochondrial protein (mg) and ¥ is
the matrix volume.

According to the equilibrium relations (Eqn. H
in Table I) the free and magnesium-liganded
species can be expressed through the total con-
centrations. This was done by rewriting the
adenylate kinase equilibrium in the form of Eqn.
16 and by deriving the self-consistent equations 17
and 18 for the external and internal concentration
of free magnesium.

The two ‘pool variables’ [Y A], =[AMP], +
[ADP,]. + [ATP,]. (sum of external adenine
nucleotides which is a conservation quantity in the
model) and [2, 1A]. = 2[ATP,]. + [ADP,]. have
been introduced in order to eliminate the flux rate
of the adenylate kinase from the right-hand side of
the original differential equations according to the
rules of quasi-steady-state approximation [24].
With the help of the algebraic equation [16] the
external adenine nucleotides can be expressed by
the above mentioned pool variables as

1 aa([TA].-12.1A1) +4[2,1A],
5 4- 9ak

[ATP]. =

44— 42, 1A]C

x[1~-_ [1- :
{aa([ZA].-12.1A).) +4(2,1A] }

(19)
[ADP\]e = [2’ 1A]e_2[ATPt]e (20)
[AMP,], = [ Y A] ,—[ADP,].—[ATR,], (1)

The differential equation system (Eqns. 9-14)
was solved numerically with a Runge-Kutta—
Fehlberg fifth-order method [25] on a 60 K micro-
computer (Silex). After each integration step the
free magnesium concentrations [Mg], and [Mg],
were computed by solving the self-consistent equa-
tions 17 and 18 with an iterative procedure [26].
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Results

Simulation of oxygen-pulse-type experiments

Calculations have been performed to study the
short-term regulation of mitochondrial energy
transduction under conditions of varying oxygen
supply. The computational results were compared
with experimental data of *'P-NMR experiments
carried out by Ogawa and Lee [12].

The initial value problem is defined by the
resting state of isolated rat liver mitochondria. The
theoretical values for some important variables of
the model obtained for the resting state are de-
picted in Table III. A good agreement of the
theoretical values with experimental data is
achieved. Pertubation of the initial state (State 4)
was induced by complete and abrupt oxygen
depletion at time ¢ = 0 (i.e., putting [O,] = 0). After
2 min of anaerobiosis the original oxygen con-
centration ([O,]=230 pM) was reestablished to
allow the system to return to its original steady
state (State 4). The calculated time-dependent
variations of external and internal pH, internal
ATP and phosphate and NAD*/NADH are
shown in Fig. 4-6.

During the anaerobic period the proton gradi-
ent is permanently lowered due to the proton leak.
The decrease of the proton gradient occurs slowly
during the first minute of anaerobiosis to become
much more pronounced afterwards. The relative
constancy of ApH during the initial phase of
anaerobiosis is due to the dephosphorylation of
intramitochondrial ATP by the F,F,-ATPase.
Splitting of ATP by the F,F,-ATPase is associated
with pumping of protons from the mitochondrial
matrix to the extramitochondrial compartment
which partially counteracts the lowering of the
proton gradient. In other words, the chemical en-
ergy which is stored in ATP is converted back into
chemiosmostic energy contained in the proton
gradient. As long as a sufficient amount of inter-
nal ATP is available an ‘energized state’ of
mitochondria is maintained which is characterized
by a high and relatively constant ApH and Apy,
respectively. This is illustrated in Fig. 7, where the
time-dependent decline of ApH is shown to pro-
ceed faster with a decreasing amount of intrami-
tochondrial adenine nucleotides.

The drop in ApH during anaerobosis according



260

TABLE III

COMPUTED AND MEASURED VALUES OF SOME VARIABLES IN STATE 4

The theoretical values were computed as stationary solutions of the differential equation system 9-14. The numerical integration was
stopped if the values of all variables had reached a quasi-stationary state characterized by

X —X; _
'—+;T——"<c (e=10"%),

i

where x; and x;,, are the values of the variable x at the /th and the (i + 1)th integration step. Initial values: [ZA]C =0 (no adenine
nucleotides in the extramitochondrial space), [P,]. =1 mM, [Mg,]= 20 mM; [A]; =10 mM, {Mg,]; =25 mM, [P}, =10 mM. The
concentration of intramitochondrial metabolites was calculated on the basis of a matrix volume V=12 pl/mg.

Quantity Theoretical Experimental Ref.
value value

v, (nmol(;0,)-min~!-mg~1) 232 10-13 12
8.9 30
15 19
ApH 0.82 0.86 30
0.70 43
0.80 12
— Ay (mV) 145 150 12
166 30
[ATP,]; /[ADP,]; 3.1 3-5 44
[NAD™ }/[NADH] 1 =1 13
[Mg]; (mM) 0.31 <05 12
[P,]; (mM) 14 11 12

2 The rather low value of the respiration rate is due to the fact that no (external or internal) ATP utilization is taken into account

8.0

pH

70

esL__A L . L L L
5 s 2 L " L L h 3

[ 2 3 L
time {minl

Fig. 4. Time-dependence of external and internal pH in an
oxygen-pulse type experiment. The theoretical curves (solid
lines) were calculated by putting the oxygen concentration
[O;]=0 at +=0 and by reestablishing the original oxygen
concentration [0Q,]= 230 pM at 7 =2 min. The experimental
points (®, pH;; O, pH,) are taken from Ref. 12. Parameters:
B.=4-10"% m =40 mitochondrial protein per ml, 5 =800
(Vo =12 pl/mg).

concentretion { mmoi

. . .
4 1 2
time {min]

Fig. 5. Time dependence of internal ATP and inorganic phos-
phate in the oxygen-pulse type experiment described in the
legend of Fig. 4. The experimental points (O, [ATP,};; @, [P,];)
are taken from Ref. 12. Since the theoretical phosphate con-
centrations are higher than the experimental values the calcu-
lated phosphate concentrations were multiplied with a constant
factor 0.8 in order to match the experimental and theoretical
initial values (at ¢ = 0).
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Fig. 6. Time-dependence of the intramitochondrial redox ratio
NAD™*/NADH in the oxygen-pulse type experiment described
in the legend of Fig. 4.

to Eqn. E (Table I) is closely related to the drop in
the intramitochondrial phosphate concentration
(Fig. 5). It is interesting to note that the calculated
and measured relative variations of internal phos-
phate are almost identical, whereas the absolute
values differ in magnitude (cf. Table III). The
curve in Fig. 5 was obtained by a simple scale
transformation by multiplying the calculated val-
ues with a constant factor (0.8) to match the
experimental and theoretical points at t = 0.
During anaerobiosis the NAD*/NADH ratio
decreases monotonously from the initial value
NAD*/NADH=1 to the low value NAD"/
NADH = 0.03 after 2 min of anaerobiosis. Such a

104

fa)
(b}

apH
g

c}

° 1 4 1 1 ; 1 1 1 1 >
time [min]

Fig. 7. Decline of the proton gradient (A pH) during 2 min of

anaerobiosis (cf. legend of Fig. 4) for various in-

tramitochondrial adenine nucleotide pools (a), [ZA}l =20 mM;

(b), [3_Al; =10 mM; (c), [} Al; =5 mM.
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steep decline is in accordance with experimental
observations [13,27].

Onset of oxygen after 2 min of anaerobiosis
leads to a very rapid increase of the proton gradi-
ent. Within 80 ms the internal pH is elevated from
pH; =742 (at =2 min) to 7.63 (at ¢=0.0013
min). After this very short time a quasi-equi-
librium state has been reached where the utiliza-
tion of the proton gradient by the leak, the phos-
phate transporter and the F F;-ATPase is fully
compensated by the respiratory chain. As the
calculation reveals, the system now slowly moves
towards the original steady state along the

quasi-steady-state line %[Hf]e =0.

The experimental points in Fig. 4 indicate an
overshoot kinetics of ApH immediately after
oxygenation. This kinetic phenomenon might be
due to a delayed onset of any of the proton-driven
processes when switching from anaerobic to
aerobic conditions. Such lag phase kinetics are
reported for the FyF,-ATPase which is known to
undergo a slow conformational change bringing
the enzyme from a state of ATP dephosphoryla-
tion to a state of ADP phosphorylation [28,29]. If
this pecularity in the kinetic mechanism of the
F,F,-ATPase is phenomenologically taken into
consideration by increasing its maximum activity
according to an exponential law, the calculated
time-dependence of ApH exhibits an overshoot
(Fig. 8a). The peak reaches a maximum at ApH =
0.88 which lies even above the value in State 4
(ApH = 0.82). This can be explained by the low
NAD*/NADH ratio at the beginning of the
aerobic period which (at the same values of [O,]
and ApH as in State 4) gives rise to a higher
respiration rate than in State 4 (cf. Fig. 3c). The
hypothesis that the ApH overshoot might be due
to a lag phase kinetics of the F,F,-ATPase is
confirmed by the fact that the experimentally de-
termined lag phase behaviour of intramitochon-
drial ATP can be reproduced in our calculations if
a delayed activation of the F,F,-ATPase is taken
into account (cf. Fig. 8b).

During the anaerobic period the
NAD*/NADH ratio increases within 30 s from
0.03 to a maximum value of 2.5. Thereafter, the
NAD*/NADH ratio relaxes slowly towards the
steady state value NAD*/NADH = 1.
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Fig. 8. Time-dependence of A pH (a) and internal ATP (b) after
reoxigenation of isolated mitochondria which were exposed to a
complete anaerobiosis for 2 min. The initial values of this
calculation (at ¢ = 0) are those obtained after 2 min anaerobio-
sis (cf. Fig. 4 and Fig. 5). At =0 the oxygen concentration
was set to the original value [O,] = 230 uM. , lag phase
kinetics of the FyF;-ATPase is taken into account in a phenom-
enological manner by increasing the maximum activity V; ex-
ponentially, V; =V; (1- e~/Ty, Vt, =350 nmol-min-mg, 7 =1
min~ Y ------ , without lag phase kinetics of the F,F,-ATPase,
i.e, V;=constant=V; .

Simulation of State-3 experiments

Calculations have been carried out to describe
the time-dependent variation of model variables
during the transient phase between State 4 and
State 3.

Fig. 9 shows the time-course of ATP formation
which is obtained if the steady State 4 is per-
turbated by adding 2 mM ADP to a suspension
containing 60 mg mitochondrial protein per ml.
The adenylate kinase was omitted in these calcula-
tions, since the incubation medium contained no

external ATP {mM]

time [min]

Fig. 9. Time-dependence of extramitochondrial ATP in a State
3 experiment. At r=0 a State 4 — State 3 transition was
induced by adding 2 mM ADP to the extramitochondrial
space. The experimental points are taken from Ref. 12. Initial
values: [ADP,], = 2 mM, [ATP,], = [AMP,]=0, [P,]. = 3 mM,
[Mg,]. =20 mM; [ZA}; =5 mM, [Mg,]; =25 mM. Parame-
ters: m =65 mitochondrial protein (mg) per ml, > =650
(Vy =1.6 ul/mg). Inset: Calculated ATP formation in the State
3 experiment for various values of the maximum activity ¥, of

the adenine nucleotide translocator, (a) Normal activity, V, =

Vi, =30 nmol-min”1~mg”'; (b) increased translocator activ-

ity, ¥, =2 ¥, ; (c) reduced translocator activity, ¥, =05 ¥, .
The time needed to convert 50% of added ADP into ATP
amounts to ¢t =37 s (a), t=20s (b)and ¢+ = 70 s (c).

magnesium in the corresponding NMR-experi-
ment [12].

During State 3 the intramitochondrial ATP level
drops down to about 25% of its value in State 4
(Fig. 10), the intramitochondrial ATP/ADP ratio
decreases from 4 (in State 4) to a minimum value
of 0.25. We note that the calculated variation of
internal ATP is larger and the relaxation towards
the new steady state proceeds slower than ob-
served in the experiment. Changes of the internal
ATP/ADP ratio between 3 (State 4) and 1 (State
3) are reported in the literature so that the calcu-
lated variations of this ratio lie in a reasonable
range.

As shown in Fig. 11, the transition from the
resting state to the active State 3 is connected with
a relatively small decrease of ApH (and of Ay and
Apy which are related to ApH by the linear re-
lations 3] and [4]). The calculated minimum value
of Ay = —123 mV in State 3 corresponds well to
the measured value of Ay = —115 mV {12]. The
fact that relatively small changes of the proton-
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Fig. 10. Time-dependent variation of intramitochondrial ATP
in the State 3 experiment described in the legend of Fig. 9. The
experimental points are taken from Ref. 12. Inset: Time-depen-
dent variation of the intramitochondrial ATP/ADP ratio.

motive force are associated with considerable
changes of the respiration rate is in line with
recent experiments of Duszynski et al. [19] who
found a 90% inhibition of the respiration, while
Apy was changed only by 9%. This very high
sensitivity of the respiration rate as to changes of
Apy is quantitatively well reflected by the rate law
(Eqn. B in Table I) (cf. Fig. 3b).

The formation of external ATP is accompanied
with a decrease of intramitochondrial phosphate
(Fig. 12). Therefore, the new resting state is
characterized by slightly different values of the
model variables compared with the initial resting

088 150

— 120

) L ) L )y L L
07 . n

time |min]

Fig. 11. Time-dependent variation of ApH (A4v) in the State 3
experiment described in the legend of Fig. 9.
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Fig. 12. Time-dependent variation of intramitochondrial phos-
phate in the State 3 experiment described in the legend of Fig.
9. Owing to the differences between the absolute theoretical
and experimental values only by the relative concentration (i.e.,
all values referred to the initial value at z = 0) is plotted. The
initial values are [P,]= 16.2 mM (experiment) and 27 mM
(theory).

state (i.e., before ADP addition). This can be seen
from the theoretical curves in Figs. 10 and 11. In
particular, the intramitochondrial ATP does not
reach the initial level and ApH approaches a new
steady-state value of ApH 0.84, which is somewhat
higher than the initial value of 0.82.

In order to characterize the mean time which is
needed by the variables of a dynamical system to
reach a new steady state after a given pertubation,
Heinrich and Rapoport [47] proposed the so-called
mean (or characteristic) transient time

f()w[si(t)—siu]tdt
- Lw[gu)—&dm

(22

T

where S;(¢) denotes the (time-dependent) ith vari-
able of the system and S;, = lim, _, S;(2) is its
steady-state value. We have calculated the mean
transient time for ADP phosphorylation in the
State-3 experiment whereby the maximum activi-
ties of the elementary steps have been varied. As
can be seen from Fig. 13 a significant dependency
of the mean transient time on the maximum activi-
ties of (1) hydrogen supply, (2) respiratory chain,
(3) adenine nucleotide translocator and (4) proton
leak is obtained, whereas the variation of the max-
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ADP {t}tdt
T = [min]
ADP(t)dt
1 T

L L
as 125 20

moximum activity

Fig. 13. Mean transient time for ADP phosphorylation in the
State 3 experiment (described in the legend of Fig. 9) as a
function of the maximum activity v}, of the ith elementary
process. The indefinite integrals occurring in Ref. 22 were
numerically computed according to the approximation formula

[Taxr )= h= o) +21(r)

+2f(xn—1)+f(xn)]’

where At =1*/n (n=200), f(x;)=f[x{(i —1)At}]. The up-
per time limit * was chosen such that |7, —1,| <1073 The
maximum activities of the various transducers were varied
between one-half and the double of their normal values.

imum activities of the” FyF,-ATPase and of the
phosphate transporter practically does not change
the value of the mean transient time. Hence it can
be concluded that rate-limitation of ADP phos-
phorylation is excerted to almost the same extent
by the processes (1)-(4). This result supports the
theoretical and experimental finding in Refs. 7
and 20 that the control of oxidative phosphoryla-
tion is distributed between several elementary
steps. But, whereas in Refs. 7 and 20 no control of
oxidative phosphorylation in State 3 by the proton
leak was found, our computations reveal a consid-
erable rate limitation by this process.

In order to elucidate how the rate of oxidative
phosphorylation is affected by the formation of
magnesium complexes by the adenine nucleotides,
the mean transient time for ADP phosphorylation
in the State 3 experiment was calculated as a
function of the total intramitochondrial mag-
nesium content [Mg,]; (Fig. 14). The calculation
predicts a minimum value of T (which corresponds
to a maximum rate of oxidative phosphorylation)

075

[min]

T

T

20 35 5
IMg,l, ImM]

Fig. 14. Mean transient time for ADP phosphorylation in the
State 3 experiment (described in the legend of Fig. 9) as a
function of the intramitochondrial total magnesium content.

at a critical total magnesium concentration [Mg, 1,
of 26 mM. Since the model is based on the as-
sumption that a considerable portion of total mag-
nesium is tightly bound to any intramitochondrial
pools [R], it seems to be reasonable to introduce
an ‘effective’ total intramitochondrial magnesium
pool [Mg¢f], = [Mg, ], — [R], which is accessible to
the adenine nucleotides. We note that the critical
value of the ‘effective’ intramitochondrial mag-
nesium concentration at which 7 reaches its
minimum value amounts to an [Mg:] value of 8
mM, and is thus in the range of the total intrami-
tochondrial adenine nucleotide content [ZA],; =5
mM.

Discussion

Several attempts have been made to understand
more deeply the regulation of mitochondrial en-
ergy transduction on the basis of mathematical
models.

Bohnensack et al. [6,7] set up a mathemathical
model which involves the main elementary
processes and which permits to calculate the steady
states of the system. On the basis of this model the
rate-controlling steps of oxidative phosphorylation
in State 4 and State 3 of isolated rat liver
mitochondria could be quantitatively identified
[7,20].

Wilson and co-workers [3-5] regard the cyto-
chrome ¢ oxidase reaction of the respiratory chain



as the only regulatory step in oxidative phosphory-
lation. But in the light of modern control analysis
[7,20,31] such a simplification is not justified.
Moreover, the Wilson-models do not take into
account explicitly the proton-motive force as a
central energy intermediate.

Compared with these mechanistic models an
alternative quantitative description of mitochon-
drial energy transduction is possible by applica-
tion of non-equilibrium thermodynamics [8-10].
In these models a linear relationship between
free-energy changes and fluxes is presupposed
which is only valid if the underlying (mechanistic)
rate laws can be approximated by linear functions
as to the thermodynamical potentials.

The above-mentioned models have in common
that they are confined to steady-state conditions,
whereas our model is aimed to describe time-de-
pendent state variations. The investigation of
time-dependent states of a dynamical system pro-
vides a deeper insight into the function and regu-
latory structure of this system than obtainable by
studying only its stationary states. Moreover, the
need for a time-dependent approach results from
the fact that in many experiments on isolated
mitochondria non-steady state conditions are met
(e.g., oxygen-pulse experiments, stop-flow experi-
ments to measure the kinetics of fast exchange
processes) which can be better interpreted by
means of an appropriate theoretical approach.

In this paper we have restricted our considera-
tions to the response of mitochondrial energy
transduction to perturbations of the resting state
induced by either variations of the oxygen supply
or by changes of the extramitochondrial ATP/
ADP ratio. From the good agreement of the com-
putational results with experimental data it can be
concluded that the proposed model is well suited
to describe the rather complex system of
mitochondrial energy transduction. It should be
emphasized that this good agreement was achieved
by varying only very few ‘free’ parameters of the
model (8, B., k,), whereas the majority of the
kinetic parameters was taken from independent
sources. Nevertheless, some discrepancies between
theory and experiment remain which cannot be
abolished by parameter optimization only.

One of these open problems concerns the con-
centration of intramitochondrial inorganic phos-
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phate. The calculated stationary concentrations are
higher than the experimental values (even is it
assumed that the mitochondria contain no phos-
phate before being incubated with the phosphate-
containing incubation medium). These differences
are possibly due to uncertainties in the determina-
tion of the intramitochondrial volume. Whipps
and Halestrap [50] investigated carefully the effect
of different incubation media on the matrix
volume, and determined this volume to be ¥, = 0.89
pl/mg in the presence of mannitol (which was also
present in the experiments [12]). We calculated the
concentration of intramitochondrial metabolities
on the basis of the higher values V;=1.2 pl/mg
(in the presence of 1 mM external phosphate) and
V,=1.6 ul/mg (in the presence of 3 mM external
phosphate) which are given in ref. 12. If instead of
these surprisingly high values a value V; =1 pl /mg
is assumed, the experimental values for the inter-
nal phosphate concentration are 13.2 mM (25.6
mM) in the presence of 1 mM (3 mM) external
phosphate, and these values are very close to the
theoretical values 14 mM (27 mM). Hence it could
be possible that the experimental values for the
internal phosphate concentration used throughout
this paper are systematically too small. A further
confirmation of this suggestion is the very good
agreement between calculated and measured
time-dependent variations of intramitochondrial
phosphate (cf. Figs. 5 and 12) which is achieved
when multiplying one type of values with a con-
stant factor.

We have demonstrated that the overshoot char-
acteristics of ApH observed immediately after re-
oxigenation of mitochondria (after a preceeding
anaerobic period) can be explained by a lag phase
kinetics of the F,F,-ATPase which is due to a slow
conformational change of this transducer when
switching from the dephosphorylating to the phos-
phorylating mode of action. It should be noted
that this overshoot also can be reproduced in our
calculations if any other (fast) proton-driven pro-
cess exhibits such a lag phase kinetics. Therefore,
further investigations are necessary to elucidate
whether one (or a few) of proton-driven trans-
ducers of the inner mitochondrial membrane shows
a certain time-delay before being fully active after
abrupt changes of the mitochondrial state.

As shown in Fig. 10 the measured variation of
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intramitochondrial ATP during the transitions
State 4 — State 3 — State 4 is qualitatively re-
flected by the theoretical time dependency, but
quantitative differences appear: the recovery of
internal ATP proceeds slower than observed in the
experiment. A similar discrepancy was obtained in
the oxygen-pulse type experiment (cf. Figs. 5 and
8b). This difference is probably caused by the
quasi-equilibrium rate law (Eqn. D. in Table I) for
the F,F;-ATPase which certainly underestimates
the Ap,; dependency of this transducer under far-
equilibrium conditions (which are actually met in
State 3). A further reason for this quantitative
difference might consist in the neglect of intrami-
tochondrial guanine nucleotides in the model. As
pointed out by Jacobus and Evans [32] the matrix
nucleoside diphosphokinase may be involved in
the buffering of the endogeneous adenylate energy
charge.

Theoretical concepts have been developed
[51,52] to characterize in a quantitative manner the
relative importance of a distinct elementary pro-
cess for the control of the steady-state fluxes of a
biochemical system. As far as transient states of a
system are concerned this control theory of steady
states is not applicable. As a reasonable quantita-
tive measure of the rate-limitation (or control)
which is exerted by a given elementary process on
the relaxation of any system variable towards its
steady-state value the changes of the mean tran-
sient time (Eqn. 22) as to changes of the activity of
the elementary process have been considered in
this paper. This theoretical analysis (cf. Fig. 13)
revealed four elementary processes to be involved
in rate-control of oxidative phosphorylation dur-
ing the transient process State 3 — State 4: hydro-
gen supply, respiratory chain, adenine nucleotide
exchange and proton -leak. Steady-state control
analysis of oxidative phosphorylation in State 3
[7,20] did not provide evidence for a control by the
proton leak. The different findings as to control of
oxidative phosphorylation by the proton leak are
obviously due to different time-scales of the State
3 experiment considered in Refs. 7 and 20 and in
this paper. In order to apply the steady-state con-
trol theory on state-3, i.e., a time-dependent tran-
sient state, in refs. 7 and 20 only the initial part of
the kinetic curves is considered which is char-
acterized by a high and quasi-constant phosphory-

lation rate and rate of oxygen consumption, re-
spectively. In contrast to such an initial rate analy-
sis the mean transient time characterizes the whole
time-course of the transient state. Since the post-
initial (slow) phase of relaxation towards the steady
state is mainly determined by the slow proton leak
(while the other fast processes are in a quasi-equi-
librium state) the regulatory importance of the
proton leak is necessarily much more pronounced
in our theoretical analysis than in the ‘State 3
initial phase’-approach [7,20]. In other words, the
regulatory importance of the proton leak increases
considerably with increasing time during the State
3 — State 4 transition. This shows that the time-
limitation exerted by one and the same elementary
process may be different at different times of the
transient process.

The mathematical model presented in this paper
is based on Mitchell’s chemiosmotic theory [1]
which has as a central tenet the involvement of a
proton electrochemical potential across the trans-
ducing membrane. The theoretical concept of a
‘localized’ chemiosmosis [33,53] which postulates
the existence of a local force (e.g., local Ap ;) close
the membrane which differs from the bulk aque-
ous phase Apy. Our model does not permit to
discriminate between ‘classical’ and ‘delocalised’
chemiosmosis, since the interaction of protons with
the corresponding transducers (respiratory chain,
F,F,-ATPase, phosphate transporter) is not de-
scribed in the framework of biochemical kinetics,
but in terms of thermodynamical quantities such
as ApH and A py. One direction to improve
mathematical modelling of mitochondrial energy
transduction could therefore be to overcome this
hybrid nature of current models between thermo-
dynamics and kinetics. As stated by Mitchell [54]
the time is ripe for a dynamically realistic modell-
ing of the molecular mechanisms by which proton
kinetics is related to other kinetic processes which
are usually called to be ‘proton-driven’.

Finally, it has to be pointed out that the pro-
posed mathematical model contains some simplifi-
cations as far as Ay and ApH are assumed to vary
proportionally and the presently heavily discussed
phenomena of non-ohmic proton leakage [57] and
of slipping redox-driven proton pumps [58] are not
considered.

The time-dependent variation of Ay and ApH



was calculated under the assumption that the ratio
between these two quantities is constant (§) over
the whole time-course studied. But deviations from
the assumed constant ratio may occur within very
short times A7 (usually being much smaller than 1
s) if non-stationary transient states of the system
are induced by sudden changes in the activity of
the proton pumps [55,56]. Therefore, the com-
puted time dependencies of 4y and ApH might
be incorrect within a time-interval Ar around the
time points where oxygen is added or removed,
respectively, but this time-interval At is expected
to be much smaller than the distance between two
subsequent data points which constitute the ex-
perimental curves of Ogawa and Lee [12,46]. Nev-
ertheless, when applying the model to very fast
short-term regulation processes proceeding with a
critical time which is comparable with A, the
relaxation of the electric and of the osmotic com-
ponent of the proton-motive potential have to be
separately described in the model by taking into
account explicitly secondary ion translocations.

The experimental observation that under steady
State 4 conditions the proton-motive potential Apyy
and the respiration rate v, are related to each
other by a non-linear functional relationship led
Nicholls [57] to the conclusion that the proton
conductance of the inner membrane is not con-
stant, but increases with increasing A, whereas
Pietroben et al. [58] interprets this finding in terms
of not tightly coupled proton pumps exhibiting a
so-called molecular slipping. Although these two
possible effects — non-chmic proton leakage and
molecular slipping - are not considered in the
model, a good agreement between computational
results and the experimental data of Ogawa and
Lee [12,46] has been achieved. Therefore, further
calculations simulating the experiments in Refs. 57
and 58 are necessary to elucidate, whether the
model in its present form is sufficient to account
for the non-linear relationship between Apy and
v, or whether the model has to be refined and
extended by taking into account either non-ohmic
proton leakage or molecular slipping or both ef-
fects.
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